ABSTRACT. In this paper, we introduce the notion of a BO-algebra, and we prove that every BO-algebra is 0-commutative, and we show that BO-algebras, 0-commutative B-algebras, BM-algebras, p-semisimple BCI-algebras and abelian groups are logically equivalent.
(BF) 0 * (x * y) = y * x for any x, y ∈ X.
A BF -algebra is called a BF 1 -algebra (resp., a BF 2 -algebra) if it satisfies (BG) (resp., (BH)).
BO-algebras
In this section, we introduce the notion of a BO-algebra, and we prove that every BO-algebra is 0-commutative, and we discuss basic properties of BO-algebras. With this properties we show that every BO-algebra is both a BG-algebra and a BH-algebra.
Ò Ø ÓÒ 2.1º A BO-algebra is an algebra (X, * , 0) of type (2, 0) satisfying (ii) 0 * (x * y) = (0 * x) * (0 * y), (iii) x * (x * y) = y, (iv) x = (x * y) * (0 * y),
for any x, y, z ∈ X.
P r o o f.
(i) If we let x := z and y := z in (BO), then z * (z * z) = (z * z) * (0 * z). By applying (B1) and (B2), we obtain 0 * (0 * z) = z.
(ii) Let x := 0 in (BO). Then we obtain 0 * (x * y) = (0 * x) * (0 * y).
ON BO-ALGEBRAS
(iii) Let y := x in (BO). By applying (i), (B1) and (B2), we obtain
(iv) Let z := y in (BO). By applying (B1) and (B2) we obtain
, we obtain y = z. Then it is a BG-algebra, but not a BO-algebra, 
BO-algebras with
In this section, we show that every BO-algebra (X, * , 0) with condition 0 * x = x for all x ∈ X is both an abelian group and a 0-commutative B-algebra.
Ì ÓÖ Ñ 3.1º Let (X, * , 0) be a BO-algebra. If 0 * x = x for all x ∈ X, then (X, * , 0) is an abelian group. P r o o f. Since (X, * , 0) is a BO-algebra, x * 0 = 0 * x = x for any x ∈ X. Hence 0 is the identity element for (X, * , 0). Since x * x = 0, the inverse of x is itself, i.e., x −1 = x. The associative law holds, since x * (y * z) = (x * y) * (0 * z) = (x * y) * z. Hence (X, * , 0) is a group. On the other hand, x * y = (x * y)
Any groupoid (algebra, binary system) (X, * , 0) of type (2, 0) is said to be 0-commutative if x * (0 * y) = y * (0 * x) for all x, y ∈ X. Even though it was proved that the notion of 0-commutative B-algebras is logically equivalent to the notion of abelian groups ([4]), we prove directly that every BO-algebra (X, * , 0) with 0 * x = x for all x ∈ X is a 0-commutative B-algebra.
P r o o f. By Theorem 3.1, we must show that the condition (B) and 0-commutativity hold. For any x, y, z ∈ X,
Hence (X, * , 0) is a B-algebra. On the other hand, given x, y ∈ X,
Hence (X, * , 0) is a 0-commutative B-algebra. Then it is easy to check that (X, * , 0) is a BO-algebra with 0 * x = x for any x ∈ X. By Corollary 3.2, it is also a 0-commutative B-algebra. In fact, (X, * , 0) is the Klein's four group.
Logically equivalences
In this section, we show that BO-algebras are logically equivalent to several well-known algebras.
Ì ÓÖ Ñ 4.1º Every 0-commutative B-algebra (X, * , 0) is a BO-algebra. P r o o f. It is enough to show the condition (BO). Given x, y, z ∈ X we have
The condition, 0-commutativity, is very necessary for B-algebras to be BO-algebras. Every abelian group can determine a BO-algebra as follow:
Hence (X, * , 0) is a BO-algebra.
ÈÖÓÔÓ× Ø ÓÒ 4.4º Let (X, * , 0) be a group with x * x = 0 for any x ∈ X. Then (X, * , 0) is a BO-algebra with 0 * x = x for any x ∈ X. P r o o f. For any x ∈ X, x * x = 0, x * 0 = x = 0 * x, since (X, * , 0) is a group. For any x, y, z ∈ X,
Hence (X, * , 0) is a BO-algebra with 0 * x = x for any x ∈ X.
Ì ÓÖ Ñ 4.5º Every BO-algebra is 0-commutative. , we obtain x = 0, which proves x * (0 * y) = y * (0 * x). We have observed several cases. It remains only to consider the case: x * z / ∈ {0, x, y}, y * x / ∈ {0, x, y}. In this case, we have 4 subcases:
i.e., b * z = 0. By applying Corollary 2.4, we obtain b = z / ∈ {0, x, y, z}, a contradiction. Similarly, the subcase (3) cannot happen, and we omit the proof. Consider the subcase (4). We claim that a = b. In fact,
By applying Corollary 2.4, we obtain a = b.
Case (iii):
Let z := 0 * x, t := 0 * y. Then z = x, t = y. We can see that 0-commutativity holds for x * t = 0. In fact, if x * t = 0, then by Corollary 2.4 we have x = t = 0 * y and hence 0 * x = 0 * (0 * y) = y. Thus x * (0 * y) = x * x = 0 = y * y = y * (0 * x). By applying Corollary 2.4 and Theorem 2.3(vi), x * t = x and x * t = y cannot happen. Similarly, we can say that 0-commutativity holds for x * t = 0, and y * z = y and y * z = x cannot happen. Hence, it remains to consider the following case: x * t / ∈ {0, x, y}, y * z / ∈ {0, x, y}. If we consider a case: x * t = a, y * z = b where a, b / ∈ {0, x, y, z, t}, then we obtain a = b. In fact,
By applying Corollary 2.4, we obtain a = b. Hence x * (0 * y) = x * t = a = b = y * z = y * (0 * x), i.e., 0-commutativity holds. It makes us to classify the following subcases:
, we obtain x = y, i.e., 0-commutativity holds.
Similarly the subcase (3) holds. Consider the subcase (2) x * t = z, y * z = a.
By Corollary 2.4 we have a = z, a contradiction. Thus this subcase cannot happen. Similarly, the subcases (4), (5), (6) . See [5] .
